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The dynamics of a deformable body in an unbounded volume of an ideal fluid, which performs irrotational motion and is at rest
at infinity, is investigated. It is assumed that a change in the geometry of the masses and shape of the body occurs due to the
action of internal forces and that the displacements of the particles of the body are known functions of time in a certain moving
frame of reference. The equations of motion of the moving trihedron are represented in the form of Kirchhoff’s equations. The
conservation laws when there are no external forces are indicated. Using these laws, the equations of motion are reduced to a
non-autonomic system of first-order differential equations in the group of displacements of the configurational space. In the
case of plane-parallel motion of the body, these equations are explicitly integrated in quadratures. A special case, when the
boundary of the body does not change, is considered. It is established that, in the case of non-equal added masses, due to the
change in the geometry of the body masses, the body can move from any position into any other position. © 2001 Elsevier Science
Ltd. All rights reserved.

1. GENERALIZED LIOUVILLE EQUATIONS

In 1858, Liouville [1] considered the general problem of the rotation of a deformable body around a
moving point, where the geometry of the masses of the body only changes under the action of internal
forces. He obtained the generalized dynamic Euler equations relative to moving axes which, at each
instant of time, coincide with the principal axes of inertia of the body. Various aspects of Liouville’s
equations are discussed in Routh’s book [2]. The Liouville problem can be extended by considering
the three-dimensional motions of a variable body. It is found that the generalized Liouville equations
admit of a unique representation in the form of Kirchhoff’s equations, which is convenient from the
point of view of the more general problem of the motion of a variable body in a fluid.

Thus, we refer the motion of a system of point masses with masses 1, to two Cartesian frames of
reference: a fixed (inertial) frame Oxyz and a moving reference frame 0EnC (Fig. 1). We emphasize
that (unlike the well-known approach in [1]) it is optional whether the point O, coincides with the centre
of mass of the system of points and, in the general case, the &, 1} and { axes are not the axes of inertia
of the system. Suppose ry is the radius vector of the k-th point with respect to the fixed reference frame
F, and @, are external and internal forces acting on the k-th point respectively and ry is the radius vector
of the point O; with respect to point O. We put r, = rg + py.

We recall that any vector function of time f{¢) can also be considered in the moving reference frame.
We shall denote its derivative with respect to the moving frame (the relative velocity) by a dot. The
absolute and relative velocities are related by Euler’s formula

df 1dt = f+[o, f]

where o is the angular velocity of the moving reference frame.
The kinetic energy of the system of points is as follows:

dr, dr, ) dr, .
—k kY Loy o+, .
Tt » v +p+[,p) (1.1)

et

where v = dry/dt is the velocity of the origin of the moving reference frame. It is henceforth assumed
that the change in the geometry of the masses of the system of points under the action of internal forces
is known. In other words, it is assumed that p; are known functions of time. Note that other formulations
of the problem are also possible. For example, Zeiliger and Chetayev (see [3]) studied the rotation of
a body around a fixed point taking account of its radiative expansion.
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Fig. 1

It follows from relations (1.1) that

Lo +E mpy +E mlo.py). m=3 m,

which is the momentum P of the variable body. By the theorem and the change in momentum,
dP/dt = F = X F,. In the moving reference frame, this equation takes the form

) 2

We now make use of a theorem on the change in the angular momentum about the point O

d d
I)Z mk[rkv jd—:k—]=2[rk.ﬂ+¢k] (1.3)

Taking account of the notation adopted, the angular momentum of the body is equal to

aT
55‘*[’0, P] (1.4)
where
aT .
=3 mlpy, [0 p 1+ X mylp, 0 1+[X mipy. v] (1.5)

Jw

The first and second terms in this formula have the meaning of the angular momentum of the system
about the point Oy for the reference-frame and relative motions of the body respectively. The third
term vanishes if the point O, coincides with the centre of mass of the variable body.

Since the moment of the internal forces is equal to zero, from relations (1.3) and (1.4) we have the
equation

4o [, 3

E au}zZ i ] =, F]

In the moving axes, it takes the following form

aT oT aT
— | +|o,—|+|lv, —|=M
(au) [ aw] [ au] (1.6)
where M is the moment of the external forces with respect to the moving frame of reference. Equations

(1.2) and (1.6) are identical in form to the well-known Kirchhoff equations [4] which describe the motion
of a rigid body in an ideal fluid.
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As an example, consider a special case when O; is the centre of mass of the body. Then,
2 myp = 0 and, hence, P = mv, and the quantity (1.5) will be the angular momentum of the body about
the centre of mass /o + A, where

lo=3 m[p;. [0 pdl, A=3 mlp,. Pi)

The symmetric linear operator I is the inertia operator. It is clear that / and A in general depend on
time. In this case, Eq. (1.6) becomes Liouville’s equation [1]

(lo+A) +{w, Io+A]=M

2. THE EQUATIONS OF MOTION OF
A VARIABLE BODY IN A FLUID

We will now assume that the variable body moves in an unbounded volume of an ideal incompressible
fluid which undergoes potential flow and is at rest at infinity. To obtain the equations of motion in this
case, it is necessary to write the right-hand sides of Egs (1.2) and (1.6) in explicit form. Suppose S is
the boundary of the deformable body. We shall assume that, under the sole action of internal forces,
the body is deformed in accordance with a law which is known in advance. Again, we associate the moving
Cartesian reference frame OEn{ with the body.

Note that the velocity of any point of the body surface § is equal to the sum of the reference-frame
and relative velocities. The reference-frame velocity is given by Euler’s formula v + [, p], where p is
the radius vector of this point with respect to O,. The relative velocity is determined by the pure
deformation of the body in the moving reference frame. Following [5], we represent the potential of
the flow in the form of the sum.

3 3
P=3 V.0, + 3 0,03+, (2.1)
i=

i=| =

where vy, Uy, U3 (0, 7, w3) are the components of the velocity vector of the centre of mass (of the
angular velocity) in the moving reference frame. The potentials ¢, ¢¢ and @+ are harmonic functions
outside the body, which are determined by the impermeability condition: at each point of the boundary
of the body d¢/dn (where the outward » is normal to the boundary §) is equal to the normal component
of the velocity of this point. The above-mentioned potentials are therefore found as the solutions
of the corresponding external Neumann problem. In particular, @;, ¢; @3 are the potentials
corresponding to the reference-frame motion of the body with unit velocity along the &, n, { axes and
©4, Ps, P are the potentials corresponding to the rotation of the body at unit angular velocity around
these axes. It the boundary of the body § deforms, then (unlike the classical case) the potentials ¢,,
¢s depend on time. The function ¢+ is a potential which describes the fluid flow caused by pure
deformation of the body.
As is well known (see [6], for example) the kinetic energy of a fluid is found from the formula

[ 2o2¢

where p is the fluid density, n = (ny, n,, n3) is the outward normal to S and do is an element of area
of the surface S. It is clear that T, = T, + Ty + Ty, where T is a homogeneous form of degree s in v,
;. If the boundary of the body is undeformed, then 77 = Ty = 0 and the coefficients of the quadratic
form T, (the added masses) are constant. In the general case, the coefficients of the homogeneous forms
T, are time dependent.

It is well-known [6] that the force R and the moment L about the point Oy, acting from the fluid onto
the body, have the form

d d
R=— =— s
dtjsj ponds, L = {e[ polr, nldo (2.3)

Here r is the radius vector of a point of the surface S with respect to the point Oy. Below we will show
that the force R and the moment L can be represented in the following form



582 V. V. Kozlov and S. M. Ramodanov

__doaT, L=_d 9T, [U’ ai] @2.4)

Tdrov’ T diow | v

This result is well known in the case when there is no pure deformation (see [6], for example). In
this case, it is obvious that T = T,.

Substituting formulae (2.4) into Egs (1.2) and (1.6), we obtain the equation of motion of a variable
body in a fluid in the form of Kirchhoff’s equations (1.2) and (1.6), where T has the meaning of the
total kinetic energy of the “body plus fluid” system.

As an example, we will now prove the first equality of (2.4). To do this, it is sufficient to verify that the vector
equality

a7

S=ljpondo (25)
holds.
We will prove that the first components of the vectors (2.5) are equal. Clearly,
o, _ p [ 3¢ , 39,
—==-= -—+ do )
v, 2"! ® on (pa (26)

Suppose Z is a sphere of sufficiently large radius with centre at the point O;, We apply Gauss’ formula to the
domain V contained between the surfaces § and =

09 9@ 3¢
Ixf(‘m 595 )do ] ((Pl_“P = d°=I‘J’I (9100 - 9AQ) )dt Q@7
The right-hand side of this equality is equal to zero since @ and ¢, are harmonic functions. Suppose a is the
radius of the sphere . Then, the integrand in the first integral on the left-hand side of equality (2.7) decreases
as O(a™) as a — oo (see [5], for example). Hence, the integral over the sphere vanishes when a — . The
equality

i 9 32do = Ucpa“" do

therefore follows from (2.7).
Taking this equality into account, and also by virtue of the fact that d@,/on = n; at the points of the surface S,
we write equality (2.6) in the form

o,
0 pj'sj on,do

Hence, the equality of the first components of the vectors (2.5) has been proved.

3. CONSERVATION LAWS

We will now consider the important special case when there are no external forces acting on a variable
body in a fluid: The principal vector of the forces F and principal moment M in Egs (1.2) and (1.6) are
then equal to zero. In this case, we have the two vector integrals, the conservation laws

ey
ov

) - 3.1
ov " B 3-1)

Here, r is the radius vector of the point O with respect to the origin of the fixed reference frame O.
Let us show that P and K, as vectors in a fixed space, remain unchanged.

dK _d dT [dr ar]
—+ 0
At dt oo dv
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Actually, Eq. (1.6) has the form dr/dt = v. The vector P is the total momentum of the “body plus
fluid” system and K is the angular momentum of this system about the point O.

It is worth emphasizing that P and K are not only integrals of the dynamic equations (1.2) and (1.6).
In order to represent them in explicit form in a moving reference frame, it is necessary to use the matrix
of transformation to the moving reference frame. As a result, we obtain six scalar first integrals in v;
and o;. On equating these integrals to arbitrary constants, we obtain six independent equations from
which it is possible to find v and ® as functions of the position of the moving reference frame. This
method, which has been used previously in the conventional Liouville problem [7], enables one to halve
the order of the equations of motion of a variable body when there are no external forces. We will now
show how this can be done in the important practical special case when the vectors P and K are equal
to zero (it can be assumed that the variable body began to move from a state of rest). It has already
been mentioned above that the kinetic energy of the “body plus fluid” system has the form

T = (Av, v)/2 + (Bv, ©) + (Cw, 0)/2 + (A, V) + (1, ®) +x (3.2)

The matrices A, B and C (4 and C are symmetric), the vectors A and p and the scalar » are known
functions of time. The homogeneous quadratic form of the kinetic energy with respect to ® and v is
positive definite for all values of ¢. In particular, the symmetric matrices 4 and C are positive definite
and, consequently, non-degenerate. Since P = 0 and K = 0, we have

Av+BTw+A=0, Bv+Cw+p=0
Hence,
(A-B"C'Bw =B"C'p (C-BA'BTyw=BA"'A (3.3)
Since the quadratic form T is positive definite, the symmetric matrices

A-BTc'B, c-BA™'BT

are positive (see [8]). Consequently, the vectors w and v from (3.3) (the angular velocity and the velocity
of the centre of mass of the body in the moving reference frame) are found in explicit form as functions
of time.

In order to find the motion of the moving reference frame, we introduce the fixed unit vectors
o, B, y directed along the x, y and z axes. Their components in the moving reference frame form an
orthogonal transformation matrix. As functions of time, these vectors satisfy Poisson’s equations

a+[w, al=p+[w,Bl=7+[®, y]=0 34)

with the already known angular velocity o(f). The solutions of the linear system o(t), B(?), y(t) with certain
initial data uniquely define the orientation of the moving reference frame at the actual instant of time.
Finally, the motion of the centre of mass of the body is found by simple integration of the following
equations

x=p,0), y=@,p), z=@,Y) (3.5)

with known right-hand sides as functions of time.

These remarks are of direct relevance to a problem of the motion of fish: how can a body move in
a fluid by means of changing its shape due to the action of internal forces? A model problem of this
kind on motion in a solid channel has been considered previously [9] (also, see [10]). It has been shown
in [11] that it is possible to generate a tractive force during the motion of a variable body in an ideal
vortex-free fluid. The approach is based on the use of the well-known formulae (2.3), but the explicit
form of the equations of motion of the body is not given. Relations (3.2)-(3.5) give an algorithm for
solving the problem in the most general case. Furthermore, as will be shown in Section 5, a tractive
force can be generated without changing the body shape purely by controlling the geometry of its masses.

4. THE PLANE-PARALLEL MOTION OF A VARIABLE BODY

The formulae of Section 3 are greatly simplified in the case of a plane-parallel motion of a body when there
are no external forces. Suppose a body moves in such a way that its shape and the distribution of the masses
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at each instant of time are symmetrical about a certain moving plane I'l, x and y are the Cartesian coordinates
of the point Oy, that is, the origin of the moving reference frame in the plane I, and o is the angle of rotation
of the moving axes. It is will known that, at each instant of time, the moving reference frame can be chosen
in such a way that the kinetic energy (3.2) of the “body plus fluid” system has the form

T=(apl+ap?+bo?)/2+ Ay, +Ap, + 10 +x (4.1)

Here, o = dis the angular velocity of the moving reference frame. The coefficients in this formula are
unknown functions of time.
Kirchhoff’s equations (1.2) and (1.6) take the simpler form

(GTJ —u)—al=0, [aT) +u)£=0
aUI

w, ) o, v,

(4.2)
(2 o, 20 2o
do) 'ov, ‘av,
On adding the simple kinematic relations
X=U,;COSQ—U, 8N, y=vU, sinC+vu,cosd, &= (4.3)

to these equations, we obtain a closed system of differential equations, which describes the motion of

the moving reference frame.
The first integrals (3.1) of system (4.2), (4.3) have the form

oT aT . aT . aT
P —coso.———sinaq, Pz=5—sma+———cosa

v, v,y v, v, (4.4)
K=xP, - P+—81
2~ rYh 30

Hence, taking (4.1) into account,

v, = (c) cos o + ¢, sin a)/a; - A/a,
vy = (—c; sin o + ¢, cos a)/a, — A/a,
o = (c3— xcy + yc)/b— /b

where ¢y, ¢3, ¢c3 are the constant values of Py, P,, K. On substituting these formulae into the kinematic
relations (4.3), we obtain a closed system of differential equations in the group of motions of the plane
II. These equations look particularly simple in the case when ¢; = ¢; = ¢3 = 0 (for example, if the motion,
as a result of deformation, starts from a state of rest)

Ajcosa  A,sinQ Asinoe A, cosa
—_ + —_— — R

- = % (4.5)

s

a a a a;

We will now discuss the conditions under which periodic changes in the geometry of the masses and
the shape of the body lead to non-zero mean values of the velocities ¥ and y. For simplicity, we will use
the notation &, = ~A4/a; (k = 1, 2) and = —p/b. From (4.5), we obtain the equation for the change
in the complex variable z = x + iy.

1=k, E=§ +i& (4.6)
We assume that &(¢) and n(¢) are periodic with respect to ¢ with a period 2r/w. Since ¢, =n,
ofr) =Qr + D) 4.7

where Q is the mean value of the function n(¢) and ®(¢) is 2n/w-periodic in ¢.
We will now show that, if Q # nw and n is an integer, the mean values of x and y are zero. In this
case, the body will move in a bounded domain. Actually, the equality z = Z(¢) exp i€, in which Z is
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periodic in ¢ with a period 2n/w, follows from (4.6) and (4.7). On expanding this function in a Fourier
series and integrating with respect to ¢, we obtain the coordinates of the body
< Z i(nw+ Q)
H= —a + const 4.8
«n ,.=Z_.” i(na)+Q)e (48)

where Z, are the Fourier coefficients of the function Z(¢). If Q # no, series (4.8) converges and represents
a bounded function of ¢.

The equality © = 0 is the simplest resonance relation between the frequencies Q and , at which a
tractive force can be created: if Zy # 0 (a typical situation), then the mean value of z is non-zero. This
situation is of particular interest from the point of view of the problem of the motion of fish. A similar
result has previously been obtained by another route in [11] for a model example of the motion of an
unbounded body of periodic shape.

5. THE MOTION OF A BODY WITH RIGID BOUNDARY

We will consider the special case of the plane-parallel motion of a body, the shape of the boundary §
of which does not change in the moving reference frame. We shall show that, in the case of unequal
added masses, a tractive force can be generated by displacements of the points within S under the action
of internal forces. Furthermore, with suitable control of the geometry of the masses within S, a body
can be displaced from any position to any other position. This effect already manifests itself in the
simplest case when just a single point mass is displaced within the material shell.

Thus, we associate a moving system of coordinates O;&n with a rigid body such that the kinetic energy
of the “body plus fluid” system has the form

T’ =(a,u,2 +a2u1,2 +bw?)/2
Since the boundary § is not deformed, the coefficients of this form are constant. The motion of a point

of mass m is given by certain known functions £(¢) and n(t). The projections of the absolute velocity of
this point onto the moving £ and 7 axes have the form

ul=U|+&'—O~m’ Uy =U2+h+ﬂ)§ (5.1)
The total kinetic energy of the variable body is equal to
T=T +mul +u)/2 (5.2)

and Kirchhoff’s equations have the form (4.2).
We will assume that the body began its motion from a state of rest. Integrals (4.4) then take the form

AT _ T _ 3T _
du, dv, Tow

Using expression (5.2) and formulae (5.1), we obtain

v, =—n,(é—(.0n), Uy = =%y (M+ k)

sl =%)mg - (1 - %, )] (5.3)
L+ [(1 = 5 )M + (1= %,)E?] '
x, = —0 x, = — Xy =
' m+a,’ 2_m+az’ T b

Taking equalities (5.3) into account, the relations
2= XE N b+ X,E 0,00 = K(E 0+ (E n,om

& = (&, ME + D, (&, M (5.4)
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follow from relation (4.3). The explicit form of the coefficients X}, Y, @, (k = 1, 2) is easily obtained
using formulae (5.3).

It is clear that the position of the rigid body is uniquely specified by the element z = (x, y, o mod 2m)
of the group of motions of the plane. If £ and n are specified functions of the time ¢, the position z(t)
of the body is found using ordinary quadratures.

It turns out that, ifa; # a,, then, for any € > 0 and any two positions of the body z; and z,, piecewise-
smooth “controlling” functions £(¢), n(z), t; <t < t, are found such that

&M I<e, InIse 24)=z, 2L)=2z

In other words, a body with unequal added masses in a fluid can be displaced from any position to any
other position by means of a suitable displacement of a point mass in a specified bounded domain. The
time of the motion ¢, — #; depends very much on .

Remark. The condition a; # a, is essential. Actually, if a; = a, = a, the two first integrals

ax + m(x +§ cos 00— 1 sin &) = ¢ (55)

ay+m(y+&sina+ncos ) =cy; ¢}, 3= consl

follow from relations (4.3) and (4.5).

The expressions in parentheses are the coordinates of the point m in the body-fixed axes. If the point O, is
interpreted as the centre of mass of the “body plus fluid” system, then relation (5.5) denotes the immobility of the
centre of mass of the total “body plus fluid plus point mass” system. In particular, it follows from relations (5.5)
that the rigid body remains in a bounded domain for the whole of the time (it has to be taken into account that,
since the point /m remains within the shell of the rigid body, the coordinates £ and 1 are bounded).

In order to prove the assertion formulated above, we introduce an extended five-dimensional space
M with coordinates x, y, & mod 2m, €, m and a distribution of two-dimensional planes defined by the
independent equations

dx = X,dE + X»dn, dy=Y,dE+ Yodn
1dG + Xadn 1§ + Y, (5.6)
do = O dE + Pqdn

We also introduce the two possible independent vector fields J; and ¥, with components X;, Y;, @, 1,
0 and X,, Y5, @,, 0, 1 respectively. It is obvious that these vectors satisfy Eqs (5.6). Following the well-
known approach [12], we consider the five vector fields

Vls Vzv [‘/Is V2]s [‘/lv[‘/lv VZ]]’ [V2’[Vl’ VZ]] (5.7)

where [,]isal acobi bracket. If a; # a,, it is found that, for small values of £ and 7, these vectors are
linearly independent at each point.

Fig. 2



The motion of a variable body in an ideal fluid 587

Actually, the condition of linear independence is equivalent to the fact that the determinant of the 5 x 5 matrix,
consisting of the components of the vectors (5.7), is non-zero. The value of this determinant when § = n = 0 is
equal to

—(2’)(] +7(.2 —'3)(2762 +')C| —3)(7(’] +'K2 —2)(')(,] —X2)2X§

It is interesting to note that this expression is independent of the angle of rotation o. It is easy to verify that the
first three factors are positive. Consequently, if x; # %, (or, what is the same thing, a; # a.), the vectors (5.7) are
linearly independent for small values of & and n.

This fact enables us to use the theorem of Rashevskii [12], according to which any two points of a
domain in M, specified by the inequality |£(r)| <€, n(#)| < € (€ is small), can be joined by a piecewise-
smooth curve consisting of segments of the integral curves of the fields 1/} and V5. It remains to point
out that the motion along the phase trajectories of the field V] and V>, parametrized by the time ¢, satisfies
relations (5.4).

Note that the coordinate £(n) is an integral of the vector field V5(V;). Hence, a prespecified motion
of a rigid body can be performed by moving the point mass m in the manner qualitatively shown in
Fig. 2.

This research was supported financially by a “Leading Scientific Schools” grant (00-15-96146).

REFERENCES

. LIOUVILLE, J., Développements sur un chapitre de la “Mechanique” de Poisson. J. Math. Pures et Appl. 1858, 3, 1-25.

ROUTH, E. J., Dynamics of a System of Rigid Bodies, Part 11. Dover, New York, 1882.

. CETAYEV, N, Sur les équations de Poincaré. C. R. Acad. Sci. Paris, 1927, 185, 1577-1578.

KIRCHOFF, G., Vorlesungen iiber mathematiche Physik. Mechanik. Teubner, Leipzig, 1897.

LAMB, H.,, HYDRODYNAMICS. Dover, New York, 1945.

KOCHIN, N. Ye., KIBEL’, I. A. and ROZE, N. V., Theoretical Hydromechanics, Part 1. Gostekhizdat, Moscow, 1955.

. KOZLOV, V. V,, General Theory of Vortices. Izd. Dom “Udmurt. Univ.”, I1zhevsk, 1998.

. HORN, R. A. and JOHNSON, Ch. R., Matrix Analysis. Cambridge University Press, Cambridge, 1986.

. LAVRENT'YEV, M. A. and LAVRENT'YEV, M. M., A principle for the generation of a tractive force for motion. Zh. Prikl.
Mekh. Tekh. Fiz., 1962, 4, 3-9.

. LAVRENT’YEV, M. A. and SHABAT, B. V,, Problems of Hydrodynamics and their Mathematical Models. Nauka, Moscow,
1973.

. KUZNETSOV, V. M., LUGOVTSOV, B. A. and SHER, Y. N,, On the motive mechanism of snakes and fish. Arch. Rath.
Mech. Analysis. 1967, 25, 367-387.

. RASHEVSKII, P. K., The connectability of any two points of an entirely non-holonomic space by a permissible line, Uch.

Zap. Mosk. Ped. Inst. Im. K. Liebknecht, Ser. Fiz.- Mat. Nauk, 1938, 2, 83-94.

P RS UEWN

—
- o

—
[\)

Translated by E.L.S.



